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In this paper, focusing on the case of single scalar field, we discuss various expanding and con-
tracting phases generating primordial perturbations, and study the relation between the primordial
perturbation spectrum from these phases and the parameter w of state equation in details. Further-
more, we offer an interesting classification for the primordial perturbation spectrum from various
phases, which may have important implications for building an early universe scenario embedded in
possible high energy theories.
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Due to the central role of primordial perturbations on
the formation of cosmological structure, it is important
probe their possible nature and origin. The basic idea
of inflation is simple and elegant [1], for a recent review,
see Ref. [2]. A lot of observations, specifically the re-
cent WMAP results [3] imply that the inflation is very
consistent early cosmological scenario. However there re-
mains some alternatives. The ekpyrotic/cyclic scenario
[4, 5, 6, 7] is motivated by the string/M theory. The
relevant dynamics with primordial perturbations can be
described by a 4D effective theory in which the separa-
tion of the branes in the extra dimensions is modeled
as a scalar field, and dependent on the matching con-
ditions [7, 8, 9], its primordial perturbations spectrum
may be nearly scale-invariant, for some criticisms see Ref.
[11, 12, 13]. Furthermore, for a contracting phase like
Pre Big Bang scenario [15, 16], there is another case to
seed a scale-invariant spectrum [17] in which the pres-
sureless matter is used, but the corresponding scale solu-
tion is not an attractor [5, 18]. For an expanding phase,
in addition the usual inflation scenario which gives scale-
invariant spectrum, a slowly expanding scenario [19] with
the phantom matter (w < −1) may be also feasible.
All these scenarios rely on the parameter w ≡ p
ρ
of state equation having a specific qualitative behavior
throughout the period when the perturbations are gen-
erated. For the inflation scenario, the condition on w
is w ≃ −1, and power-law inflation with a ∼ tn firstly
studied in Ref. [20], it is −1 < w < − 13 , and for ekpy-
rotic/cyclic scenario, w ≫ 1, and for slowly expanding
scenario, w ≪ −1. In some sense, all these scenarios can
give some results satisfying the WMAP observations in
their simplest realization. In this paper, focusing on the
case of single scalar field, we discuss various expanding
and contracting phases with constant w, and study the
relation between the primordial perturbation spectrum
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from these phases and the parameter w of state equation
in details. Furthermore, we offer an interesting classi-
fication for the primordial perturbation spectrum from
various phases.
In general the evolution of cosmological scale factor
before the “bounce” 1 in Einstein frame can be written
as
a(t) ∼ tn (1)
in which t→ +∞, or
a(t) ∼ (−t)n (2)
in which t → 0−, n is constant and positive or negative.
For n > 0, the (1) corresponds the expanding phase and
the (2) corresponds the contracting phase, and for n < 0
the case is in reverse. The Fridmann equations are
h2 ≡ (
a˙
a
)2 =
ρ
3
(3)
h˙ = −
ρ+ p
2
(4)
where 8πG = 1 is set. Combing (1), (2), (3) and (4), the
power-law index of scale factor
n =
2
3(1 + w)
(5)
is given. For the case that the speed of sound c2s is con-
stant the causally primordial perturbations can be gen-
erated in such a phase, i.e. exits the horizon during the
evolution of this phase and re-enters the horizon after
the “bounce” to an expanding phase corresponding to
1 Here the “bounce” means the exit from pre-bounce expand-
ing/contracting phase to observational cosmology. For inflation
scenario it is the usual reheating [21, 22].
2Region I II III IV
the evolution of the
scale factor
a(t) ∼ (−t)n a(t) ∼ tn a(t) ∼ (−t)n a(t) ∼ (−t)n
n < 0 n > 1 1
3
< n < 1 0 < n < 1
3
expansion expansion contraction contraction
the parameter of state
equation
w < −1 −1 < w < − 1
3
−
1
3
< w < 1 w > 1
kinetic energy term reverse standard standard standard
potential energy term standard standard standard reverse
TABLE I: The natures of various expanding and contracting phases generating the primordial perturbation spectrum are
implemented in single scalar field action.
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FIG. 1: The dot dashing line denotes the expanding phase and
the long dashing line denotes the contracting phase. From left
to right, the different shadows correspond to Region I II III
and IV in table respectively.
our observational cosmology, which requires that ah in-
creases with time, thus n > 1 for (1) and n < 1 for (2)
must be satisfied.
These phases can be implemented in the single scalar
field action as follows
L = −ǫ
(∂µϕ)
2
2
− V (ϕ) (6)
where ǫ is the sign of the kinetic energy term, takes 1
for normal scalar field and −1 for phantom field. In this
case c2s = 1. If taking the field ϕ spatially homogeneous
but time-dependent,
h˙ = −
n
(−t)2
= −ǫ
ϕ˙2
2
(7)
can be given, which determines the nature of scalar field,
i.e. normal scalar field for n > 0 or phantom field for
n < 0. From (3) and (7), the effective potential of the
scalar field can be obtained and its pre-factor is n(3n −
1), which determines the positive and negative of the
effective potential. Some details can be seen in Ref. [19].
Therefore, four different regions can be plotted ac-
cording to the relation between n and w, see Fig. 1.
Both regions I and II are expanding phases. In region I,
a(t) ∼ (−t)n and n < 0. Since in this phase w < −1, the
phantom field which has reverse sign in kinetic energy
term must be introduced. For w ≪ −1, the expansion
is very slow but for w ∼ −1, is very rapid, which may
be regarded as the phantom inflation [23]. In region II,
a(t) ∼ tn and n > 1, which corresponds an accelerated
expanding phase. Such phase is generally described as
power-law inflation [20] and its extreme case w ∼ −1 is
usual de Sitter inflationary phase. Different from region I
and II, region III and IV are contracting phases. In region
IV, a(t) ∼ (−t)n and 0 < n < 13 , compared with region
III, which corresponds a more slowly contracting phase.
Since the pre-factor of the potential is n(3n− 1), we see
that in this region the negative potential is required. The
relevant details of these regions are summarized in Table
I. For the expanding phase, the scale solution is a stable
attractor only if w < 1, which is compatible with region
I and II in which the scalar potentials are positive, and
for the contracting phase, the scale solution is a stable
attractor only if w > 1, which is compatible with region
IV, in which the scalar potential is negative [5, 18], but
not with region III.
In the following we discuss the primordial perturbation
spectrums from these regions before the “bounce”. Let
us pay attention to the scalar metric fluctuations. In
longitudinal gauge and in absence of anisotropic stresses,
the scalar metric perturbation can be written as
ds2 = a2(η)(−(1 + 2Φ)dη2 + (1− 2Φ)δijdx
idxj) (8)
where η is conformal time dη ≡ dt
a
, thus
−η ∼ (±t)−n+1 (9)
a(η) ∼ (−η)
n
1−n ≡ (−η)q (10)
H ≡
a′
a
(11)
and Φ is the Bardeen potential. Defining the canonical
variable
u =
a√
2|H2 −H′|
Φ =
a
ϕ′
Φ (12)
3For adiabatic perturbation of single scalar field, the uk
equation, i.e. the linear perturbation equation of Φ, can
be written as
u′′k +
(
k2 −
q(q + 1)
η2
)
uk = 0 (13)
For all interesting modes k, we can solve (13) analytically
and obtain
uk =
√
−kη (B1(k)Jµ(−kη) +B2(k)J−µ(−kη)) (14)
where µ = |q + 12 | and Jµ is the first kind of the Bessel
function with order µ and the function Bi(k) can be
determined by specifying the initial conditions. In the
regime k2η2 ≫ q(q+1), in which the mode uk is very deep
in the horizon, the equation (13) reduced to the equation
for a simple harmonic oscillator, and uk ∼
e−ikη
(2k)3/2
is sta-
ble. In the regime k2η2 ≪ q(q+1), in which the mode uk
is far out the horizon, the mode is unstable and grows.
In long-wave limit, Φk can be given and expanded to the
leading term of k
k
3
2Φ ∼ k
1
2
−µ (15)
Thus the spectrum index from Φ is nΦ = 1 − 2q for
q > − 12 and nΦ = 3+ 2q for q < −
1
2 .
The curvature perturbation on uniform comoving hy-
persurfaces
ζ =
HΦ′ +H2Φ
H2 −H′
+Φ (16)
is a constant on scales larger than Hubble horizon in the
absence of entropy fluctuations, as can be seen from its
equation of motion
ζ′ =
H
H2 −H′
k2Φ (17)
and is used to infer the spectrum of Φ at the time when
the perturbations re-enter the Hubble horizon in infla-
tionary cosmology. Defining the Mukhanov-Sasaki vari-
able [24, 25]
v =
a
√
2|H2 −H′|
H
ζ =
aϕ′
H
ζ (18)
The vk equation can be written as
v′′k +
(
k2 −
q(q − 1)
η2
)
vk = 0 (19)
Similarly we can obtain
vk =
√
−kη (C1(k)Jν(−kη) + C2(k)J−ν(−kη)) (20)
where ν = |q − 12 | and Jν is the first kind of the Bessel
function with order ν and the function Ci(k) can be de-
termined by specifying the initial conditions. The initial
-10 -5 0 5 10
w
-3
-2
-1
0
1
2
3
4
in
de
x
n
I
II
III IV
FIG. 2: The short dashing line denotes nζ , the long dashing
line denotes nΦ. From left to right, the different shadows
correspond to Region I II III and IV in table respectively.
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FIG. 3: The dashing line denotes nt. From left to right, the
different shadows correspond to Region I II III and IV in table
respectively.
condition is vk ∼
e−ikη
(2k)
1
2
. In long-wave limit, ζk can be
given and expanded to the leading term of k
k
3
2 ζ ∼ k
3
2
−ν (21)
Thus the spectrum index from ζ is nζ = 5− 2q for q >
1
2
and nζ = 3 + 2q for q <
1
2 .
Therefore, in general, for various expanding and con-
tracting phases the values of nΦ and nζ are different.
From (10) and (11),
H′
H2
= −
1 + 3w
2
(22)
can be obtained, thus
q =
2
1 + 3w
(23)
In term of relations between nΦ or nζ and q, the Fig. 2
4reflecting nΦ or nζ varying with w is plotted. nt
2is the
spectrum index of the tensor fluctuations and plotted in
Fig. 3. We see that only for − 53 < w < −
1
3 , i.e. q < −
1
2 ,
the spectrum index of ζ is the same as that of Φ, and
when w ≃ −1, nearly scale-invariant spectrum can be
obtained, which corresponds to the case in inflationary
cosmology, but for other value of w, the spectrum index
of ζ is different from that of Φ, the Φ spectrum is nearly
scale-invariant for w ≪ −1 and ≫ 1, while the ζ spec-
trum is nearly scale-invariant for w ≃ 0. Which of the
spectrum of Φ and ζ can be inherited in late-time ob-
servational cosmology dependent on the matching condi-
tions through the “bounce” [8]. We shall briefly comment
it in the following.
The curvature perturbations re-enter the horizon dur-
ing radiation/matter-domination and create density fluc-
tuations δρ, which results in the formation of large-scale
structure of universe. The density contrast δ = δρ
ρ
can
deduced from Poisson equation
δk =
2
3
(
k
H
)2Φk (26)
at horizon crossingH ≃ k, |δk|
2 ≃ |Φk|
2 is given, thus the
Bardeen potential in late-time universe really determines
the spectrum. The solution for Φ on super Hubble scale
is approximately [25]
Φ± ≃ D± + S±
H
a2
(27)
From (16) and (17), we have
ζ± = αD± + βk
2S±f(η) (28)
where the subscript + and − denote the phases af-
ter and before the “bounce” respectively, the coefficient
D− ∼ k
− 1
2
+q and D+ denote the amplitude of the con-
stant mode, S− ∼ k
−
3
2
−q and S+ are that of the grow-
ing or decaying mode dependent on different phases, and
f(η) =
∫
( H
aϕ′
)2dη, the coefficients α and β are dependent
only on the parameter w of state equation. For late-
time expanding phase driven by radiation/matter, S+
is decaying mode, thus D+ is dominated mode for our
observational cosmology. If taking the constant energy
2 The tensor perturbed metric can be written as
ds2 = a(η)(−dη2 + (δij + hij)dx
idxj) (24)
where hij can be expanded in term of the two basic trace-
less and symmetric polarization tensors e+ij and e
×
ij as hij =
h+e
+
ij+h×e
×
ij . The gauge-invariant tensor amplitude µk =
a√
2
hk
satisfies the equation [26]
µ′′k + (k
2
−
q(q − 1)
η2
)µk = 0 (25)
Thus the tensor spectrum index is nt = 4 − 2q for q >
1
2
and
nt = 2 + 2q for q <
1
2
.
hyper-surfaces, in which Φ and ζ are continuous across
the bounce, i.e. the Deruelle-Mukhanov [27] (Hwang-
Vishniac [28])matching conditions is satisfied, like that in
the transition from inflationary phase to radiation domi-
nated phase, D+ ∼ D− can be obtained to leading order
of k [11], thus regardless which of D− and S− is domi-
nated mode during pre-bounce phase, D+ mode will only
inherit the spectrum of D− mode. In this case we can ob-
tain the same results from Φ and ζ. But if, for example,
we take Φ and Φ′ continuous, then D+ ∼ D−+S−, which
means that D+ mode should take the spectrum of dom-
inated mode which of D− and S−. For ekpyrotic/cyclic
and slowly expanding scenario, the growing S− mode is
the dominated mode during pre-bounce phase, which will
be inherited by D+ mode. From (27) and (28), we see
that for S mode, the spectrum of Φ is different from that
of ζ and the latter has a suppression from k2, which may
imply that ζ is not a proper quantity for the calculations
of primordial perturbation spectrum in this case. More
recently, as is pointed to in Ref.[9], see also Ref. [30, 31],
the resulting spectral index in late radiation-dominated
universe depends on how Φ and ζ passing through the
“bounce”, which is determined by the details of “bounc-
ing” physics.
In summary, we describe the evolution of various pre-
bounce phases with constant w and also construct the
corresponding action of the single scalar field. We sepa-
rate four different regions which correspond different ex-
panding and contracting phases in term of parameter w
of state equation, and show that the inflation and other
alternative scenarios recently proposed can be placed in
different positions of these regions, and for all possible
w, only when w ≃ −1 or ≪ −1 or ≫ 1 may the nearly
scale-invariant scalar spectrum be obtained, which corre-
sponds the inflation, ekpyrotic/cyclic and slowly expand-
ing scenario respectively. The degeneration of nearly
scale-invariant scalar fluctuations spectrum may be re-
move by the tensor fluctuations spectrum, see Fig. 3,
which, for w ≃ −1, is nearly scale-invariant and for
w ≪ −1 or ≫ 1, is strong blue. Since different scenar-
ios make different predictions for the spectrum of scalar
and tensor perturbations, it is possible that the obser-
vations of the cosmic microwave background can distin-
guish among different scenarios. For other value of w, the
nearly scale-invariant scalar spectrum can not be gener-
ated by the fluctuations of background field, thus other
feasible mechanisms may be required [33, 34, 35]. Fur-
thermore, the matching between various phases [36, 37]
may give a reasonable explain for a possible loss of power
recently observated by WMAP. Our work offers an inter-
esting classification for the primordial perturbation spec-
trum from various phases before the “bounce”, which
may have important implications for building an early
universe scenario embedded in possible high energy the-
ories.
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